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In this paper, we exploit some results in the theory of irreversible phenomena to address the study of quasi-static brittle fracture propagation in a twodimensional isotropic continuum. The elastic strain energy density of the body has been assumed to be geometrically nonlinear and to depend on the strain gradient. Such generalized continua often arise in the description of microstructured media. These materials possess an intrinsic length scale, which determines the size of internal boundary layers. In particular, the non-locality conferred by this internal length scale avoids the concentration of deformations, which is usually observed when dealing with local models and which leads to mesh dependency. A scalar Lagrangian damage field, ranging from zero to one, is introduced to describe the internal state of structural degradation of the material. Standard Lamé and second-gradient elastic coefficients are all assumed to decrease as damage increases and to be locally zero if the value attained by damage is one. This last situation is associated with crack formation and/or propagation. Numerical solutions of the model are provided in the case of an obliquely notched rectangular specimen subjected to monotonous tensile and shear loading tests, and brittle fracture propagation is discussed.
Introduction
Damage mechanics deals with those dissipative phenomena, such as microcrack formation and corrosion, which imply a loss of material stiffness under loading conditions. In this paper, we exploit the use of continuum modelling, which is arguably considered the most feasible approach to deal with complex systems [1] [2] [3] ; the description of material damaging based on continuum mechanics has indeed often been reported in the literature [4] [5] [6] [7] . Whereas in classical continuum mechanics the kinematics is customarily given only by the placement function, in continuum damage mechanics the placement function is complemented with an independent Lagrangian field, ranging from zero (locally undamaged material) to one (local failure), representing the internal state of degradation. We shall adopt this kinematics and, throughout this paper, the damage field will be entropic, meaning that it is assumed to be nondecreasing in time and that, therefore, healing is not considered. In continuum damage modelling, it is not unusual to witness the presence of localized deformations, because they are preferential from an energetic point of view. The absence of a suitable theoretical machinery capable of dealing with this fact unavoidably leads to mesh-dependent finite-element results [8] . The length scale of such a localization is a characteristic of the material taken into consideration and, therefore, one must introduce in the model a certain characteristic length in order to penalize deformations with a strong degree of concentration. This leads to the concept of non-local damage models. The nonlocal approach employs non-local terms in the deformation energy in order to control the size of the localization region. In phase-field models and, in general, in damage-gradient models, the dependence of the internal energy upon the first gradient of damage is assumed [9] [10] [11] [12] . It has been proved, for example in Lorentz & Andrieux [13] , that a regularization through the introduction of the gradient of damage allows the issues related to localization and mesh dependency to be overcome, and rigorous proofs of the convergence of such models towards the Griffith model of brittle fracture, formulated as a free-surface problem, have been provided (e.g. [14, 15] ). A fully non-local (in the sense of the Piola peridynamic framework; see dell'Isola et al. [16] ) damage model, where the non-local variable is the damage field, has also been proposed in the literature [17] . Another interesting approach to non-local modelling to describe material damaging is due to Forest [18] , where a micromorphic theory is developed in order to provide the generalized balance equations under non-isothermal conditions and it is shown that, under suitable assumptions, such a theory specializes to some relevant existing models. In our approach, the non-locality is given by the dependence of the internal energy upon the second gradient of the displacement field, thus having that the non-local variable is not the damage field but, rather, the displacement. The idea of encoding the non-locality of a damage model into the displacement variable is, of course, not new in the literature [19] [20] [21] [22] , and it is arguably easy to motivate it on a physical ground. At each loading stage, a damaged material can be seen as nothing but a microstructured material, with damage being possibly an actor in the process of emphasizing or diminishing the characteristic length of the material. Moreover, the theory of elastic materials possessing a microstructure entailing non-negligible macroscopic effects has been extensively developed from the 1960s [23] [24] [25] [26] [27] [28] (even if higher-gradient continua were known at least in the 1800s; see [16, 29, 30] ) and the use of strain-gradient models is almost a standard in the field [31] [32] [33] [34] [35] [36] [37] [38] . Nowadays, in most branches of physics, it is accepted that the governing equations of a field theory should be inferred by a least action principle [39] , starting from an action functional. Indeed, after having defined the kinematics of the system and a Lagrangian function accounting for the actions exerted onto the system by the external world and its response to them, by means of a least action principle, i.e. looking for a motion yielding stationary (and possibly minimizing), the action functional, one is able to derive the so-called Euler-Lagrange equations for the system. If the Euler-Lagrange equations governing the system are partial differential equations, and if the action functional fulfils some requirements, one is also able to find through this variational principle boundary conditions that guarantee the existence and uniqueness of the solution [40] [41] [42] . The use of a least action principle also allows the weak formulation of the problem to be obtained very easily [43] , and this is particularly useful when numerical methods such as the finite-element method are being employed to find a solution. However, it is often argued that dissipation cannot be handled by means of a least action principle. Indeed, it is usually pointed out that a limitation of the modelling procedure based on variational principles consists in the impossibility of its encompassing non-conservative phenomena. We remark that, notwithstanding the existence of variational approaches based on the extended Rayleigh-Hamilton principle, which have been successfully applied to a wide class of dissipative systems, a formulation based on a variational inequality, which is known as maximum plastic work, had already been derived in 1948 by Hill [44] . Further efforts aimed at developing a variational formulation of damage-gradient models have been made in [4, 5, 45] . In this paper, as in [46] [47] [48] [49] , such efforts have been adapted to damage modelling adopting the strain-gradient regularization.
The novelty of our contribution consists in the exploitation of a formulation based on a variational inequality involving the total deformation energy functional, whose surface density depends on the strain gradient rather than the gradient and/or Laplacian of the damage field, in order to study quasi-static brittle crack propagation in an isotropic two-dimensional geometrically nonlinear continuum. By means of this variational formulation, it is possible to derive Karush-Kuhn-Tucker (KKT) conditions governing the damage evolution and the classical (generalized) balance equations. As we stated above, the model is presented and solved in a geometrically nonlinear setting for an isotropic two-dimensional body, even if further generalizations in this respect, such as the inclusion of anisotropy and three-dimensional geometries, and the introduction of tension/compression damage criteria based on strain invariants are achievable without any relevant conceptual challenge. We further expect this formulation, if properly adapted to account for plastic effects [46, 47, 50, 51] , to be suitable to study ductile fracture. The outcome of our investigation is that the energy method employed here for the study of quasi-static propagation of brittle fracture in the setting of strain-gradient modelling, with the damage field being just a local variable, is able to handle crack propagation in an effective and efficient way. The plan of the paper is as follows. The elasticity framework is presented in §2, while the damage mechanics framework is presented in §3. In particular, the considered energy approach is summarized, together with the resulting KKT conditions. Non-locality conferred by the strain-gradient contribution to the deformation energy density and the effect of damage on second-gradient coefficients are then discussed. In §4, the algorithm employed to numerically study the crack propagation is illustrated, and in §5, the numerical results concerning an obliquely notched rectangular specimen subjected to a tensile test and to a shear test are shown. Finally, in §6, the conclusion and outlook are presented.
Elasticity framework
Let us consider a two-dimensional body, whose body points can be put in a bijective correspondence with a closed subset B of the Euclidean space R 2 . The set B represents the shape of the body in the reference (undeformed) configuration. We then introduce a Cartesian coordinate system (O, (ê 1 ,ê 2 )), with X = (X 1 , X 2 ) being the coordinates of the generic point in the Euclidean space R 2 . Working in a Lagrangian framework and restricting ourselves to the quasi-static case, in which inertia and microinertia forces, and thus kinetic energy, are negligible, we define a placement function χ t : B → R 2 such that the image x = χ t (X) of X through χ is the position of point X at time T t ∈ {T t } t∈{1,...,N} , with T t ∈ R, N ∈ N and {T t } a monotonously increasing sequence. The displacement field u t : B → R 2 is defined as u t (X) = χ t (X) − X. In the elastic case (i.e. no damage), the placement, or equivalently the displacement, is the only independent kinematic descriptor of the system. The image B t = χ t (B) of B through χ t is the shape of the body at time T t . A motion is defined as a family of placements {χ t } t∈ [1;N] 
The set AM t is the collection of kinematically admissible displacement fields u : B → R 2 , which fulfil kinematic boundary conditions, and the set AV t is the corresponding space of kinematically admissible variations. When the strain energy densityÛ strain (G, ∇G) is considered to depend quadratically upon the deformation tensor G and its gradient ∇G, and we will consider such a case for simplicity in the presentation, the following representation holds [52] :
For isotropic materials, we have the following representations for the matrices C 3×3 and A 6×6 :
with c 11 and c 12 in C ISO 3×3 corresponding to the two Lamé coefficients λ and μ, respectively, and
Damage mechanics framework
The kinematical descriptor χ t , the placement function, is complemented with an additional independent Lagrangian scalar field ω t : B → [0, 1], which is meant to be a measure of the internal state of damage at time T t . As healing is not considered here, it is assumed to be non-decreasing in time, i.e. ω t ≥ ω t−1 . 
(a) Energy approach
Following the approach proposed by Marigo and co-workers [5, 11, 15, [53] [54] [55] , we consider a dissipation energy densityÛ diss (ω) to be added to the strain energy density in (2.1). In this way, we are accounting not only for the strain energy stored within the body and the work done by external forces, but also for the dissipated energy, i.e. energy leaving the body. Hence, we consider the internal stored energy densitŷ
The total deformation energy recasts hence as
The pair (u 0 , ω 0 ) is given as the initial datum. In the limit T t − T t−1 → 0, and if we assume the quasi-static evolution to be continuous in time, the following variational inequality must be fulfilled:
which is the discrete form of the inequality used in [46, 47] , where
is the first variation of the functional F in (a, b) along the direction (δa, δb) and AV t is, as has already been mentioned, the space of kinematically admissible variations. With some mathematical derivations analogous to the ones presented in [46] [47] [48] [49] , it is possible to prove that the following weak form equations must hold:
and
We remark that equation (3.4) is nothing but the standard stationarity condition for the total deformation energy functional of a conservative system in which the entropic damage variable has been fixed to ω t . By means of subsequent integration by parts (see [56] for a detailed derivation), we get
where the quantities
have been defined. In particular, the second-order tensor P in (3.11) is the tangential projector operator (P aj = δ aj −n anj ), while the second-order tensor V in (3.12) is the vertex operator
where superscripts l and r refer to the two boundaries intersecting at a certain vertex point V c , andν l andν r are the outward unit tangent vectors to the boundaries l and r, respectively. By means of the fundamental lemma of calculus of variations, the strong form can be easily derived from equations (3.7)-(3.9).
(b) Karush-Kuhn-Tucker conditions
With some mathematical derivations analogous to the ones presented in [48, 49] , it is possible to prove that equations (3.5) and (3.6) are recast in strong form as
It is worth stressing that, even if the first KKT condition in (3.15) is given in terms of the total value of ω t and not of its increment, as in rate form formulations (e.g. [57] [58] [59] ), the time monotonicity assumption on the damage field, i.e. its increment to be non-negative, which has been exploited by means of the non-standard variational inequality (3.3) giving the second KKT condition in (3.15), ensures irreversibility. Hence, also non-monotonic loading histories can be handled with this approach. We now consider the strain energy densitŷ
and a dissipated energy of the formÛ 17) with K 1 the initial damage yielding strain energy and K 2 the resistance to damage of the material. For each t and ∀X ∈ B, we have
(c) Non-locality and the effect of damage on second-gradient coefficients
Contrary to what is done usually in damage mechanics [4, 11, 55, [60] [61] [62] [63] [64] [65] , account for non-local behaviour is not encoded in the damage term, as this is not a phase-field model, i.e. nonlocal/gradient damage. Instead, account for non-local behaviour is encoded in the dependence of the strain energy upon the strain gradient. For a detailed discussion of the advantages and open challenges related to this approach, the reader is referred to [48] . Without non-local terms, the concentration of stress (strain) leads to a burst of damage, up to 1, in very narrow regions. Indeed, in that case, localization is preferential, and this is the origin of numerical problems like mesh dependency. As strain-gradient terms make us 'pay for' the localization of strain (stress), they play the role of 'limiters' against brutal failure. Moreover, second-gradient terms introduce an internal length scale, which is a measure of the size of internal boundary layers, i.e. the smaller the length scale, the sharper is the damage pattern and, possibly, a crack. For −1 < n < 0, we have that non-local terms allow for a controlled progressive concentration of damage, as the contribution of second-gradient effects decreases as damage increases. In the extremal case n = −1, we have that no elastic energy at all, neither first gradient nor second gradient, is stored in regions where damage has reached the value ω = 1. This choice seems particularly suitable for the study of crack propagation. Nevertheless, for the numerics, we must keep the quantity 1 − n non-zero because, otherwise, a loss of convergence, usually due to a loss of coercivity, occurs. Indeed, unstable zero-energy spurious strain modes are encountered if this issue is not handled properly. Thus, we consider a positive quantity 1 − n that is much less than the characteristic length, whose order of magnitude is given by the square root of the ratio between second-gradient and first-gradient elastic coefficients. This issue is thoroughly discussed, even if in relation to firstgradient coefficients, by Del Piero and co-workers [66] [67] [68] [69] . Of course, if one is aiming to describe crack closure and/or materials which can be damaged only when (locally) subjected to tension loads, then a criterion based, for example, on strain invariants could be necessary in order to discriminate whether the body locally experiences tension or compression loading states (see [70] and the strain trace-based criterion employed therein). When, instead, n > 0, the non-local effects conferred by the microstructure and the internal length are magnified as damage increases. In some situations, such as in damage in laminate composites, this is reasonable and leads to a sort of diffused damage.
Numerical procedure
An algorithm which is frequently employed to numerically solve problems similar to the one examined in this paper, even if it is not always the go-to choice [60] [61] [62] [63] [71] [72] [73] [74] [75] , is the socalled alternate minimization algorithm [4, 55, 66, 68, 69, 75, 76] . We use a similar algorithm, whose illustration is specialized by referring to the case under study. We first introduce a thresholdω(u), which depends on the generic displacement u in such a way that
We then proceed to computeũ t = arg min
As the initial conditions we have to prescribe u 0 and ω 0 ; the quantitiesũ t andω t are tentative values of, respectively, displacement and damage at pseudo-time t. A spatially non-local, i.e. integral, and/or point-wise (vector) step-increment criterion r(ũ t ,ω t , u t−1 , ω t−1 ) < ε, where the inequality has to be intended component-wise and with ε a measure of the desired accuracy, can be employed in order to discriminate whether u t =ũ t and ω t =ω t or not and, accordingly, to decrease the time-step increment T t = T t − T t−1 . A widely used step-increment criterion, which we have also adopted, is the following (local) one:
which is nothing but a point-wise bound on the relative increment of the damage field between two time steps. If ω 0 = 0 then, clearly,ω 1 = max[min(ω(ũ 1 ), 1), 0], and damage will increase from the very beginning if and only if
i.e. ω 1 > 0, with and η computed for u =ũ 1 . If the above condition is not fulfilled, thenω(ũ 1 ) < 0 andω 1 = 0, implying that a purely elastic phase is observed. Thus, the function f can be regarded as the so-called damage-yielding function and K 1 is the strain energy threshold for damage initiation. If ω 0 = 0 and K 1 = 0, then, clearly, ω will increase from the very beginning, and no elastic phase will be observed. The minimization of E(u, ω t−1 ) among all the functions u ∈ AM t has been solved by employing the mixed formulation. An auxiliary independent kinematic descriptor M has been introduced and the constraint M = ∇u has been weakly enforced by means of the Lagrange multiplier technique. Because of this constraint, the internal strain energy densityÛ strain has been expressed as a function of M and ∇M and, thus, in the augmented functional we dealt only with the first gradient of kinematic fields. This implies also that no space derivatives were involved in the kinematic boundary conditions expressed in terms of u and M. All the kinematic constraints have been enforced weakly by means of the Lagrange multiplier technique (more details about this method can be found in [77] been considered for weakly enforcing constraints as, unlike the Lagrange multiplier technique, it preserves the local (eventually global) convexity. Nevertheless, in contrast, as the penalty parameter tends to infinity, the problem to be solved becomes more and more stiff. Successively, the weak form has been computed and solved by means of the finite-element method. The choice of using the mixed formulation has been motivated by the fact that, in recent years, such a formulation has been increasingly gaining the attention of the scientific community (e.g. [31] ), mainly because less regularity of solutions, and, in turn, of basis functions when employing the finite-element method, is required. Indeed, in our case, u and M belong to H 1 (B), while, without using the mixed formulation, u would belong to H 2 (B). For this reason, the mixed formulation allows us to adapt standard finite-element codes, designed to work in the setting of first-gradient elasticity, to strain-gradient elasticity. The finite-element method analyses have been performed by means of the software COMSOL MULTIPHYSICS and the alternate minimization loop was implemented in MATLAB . The two pieces of software have been used together by means of the software LIVELINK TM for MATLAB . For u we have used Lagrange quadratic basis functions, while for Lagrange multipliers Lagrange linear basis functions, defined of course on the same mesh, have been used. The use of Lagrange quadratic basis functions for Lagrange multipliers has led in our simulations to locking issues. We point out that also mesh-free methods, in which the finite dimensional basis of functions is not associated with a given mesh, exist in the literature (see, for example, the element-free Galerkin method in [78] ). In the field of second-gradient continua, outside of a mixed formulation framework, extensions of the classical finite-element formulations to enforce strong C 1 continuity, i.e. across element interfaces, have been developed using Hermite elements [33, 35, 38, 43, 80] . However, Hermite elements are not considered competitive for higher dimensions. Without resorting to a mixed formulation, further improvements of the approach employed here could include the use of isogeometric analysis [3, [81] [82] [83] [84] [85] [86] , a mesh-based numerical method based on the non-uniform rational B-splines (NURBS) basis of functions, whose building blocks are the univariate B-spline functions.
Numerical results
A pre-notched rectangular specimen is subject to displacement-controlled tensile and shear tests, whose schematics are given in figure 1a and 1b, respectively. The notch is oblique and spans an angle α = 45 • with respect to the horizontal line. The width of the notch is 0.3 mm and its length is 10 mm. The values of the parameters used for simulations are summarized in table 1. On the right side of the specimen, a displacementū, which is monotonically increasing, is prescribed. The displacement increment between two steps is decreasing. The reason for this is that, as damage grows, the same displacement increment results in a greater damage increment. In order for the step-increment criterion (4.4) to be fulfilled, the displacement increment must thus be decreased accordingly. The mesh has been chosen to be triangular Delaunay-tessellated. Working in a Lagrangian framework, it has been possible to use the same spatial mesh for each step. The mesh has been refined in a rectangular upper-right area of the specimen in proximity to the crack propagation region (see the black frames in later figures). In this region, the maximum mesh element size was 8.71 × 10 −5 m and the minimum mesh element size was 2.6 × 10 −7 m. Notwithstanding that no rigorous convergence result is available for the employed algorithm as the tolerance ε in (4.4) goes to zero, dependence on the mesh size and on the step increment has been satisfactorily tested, observing for all the relevant quantities a convergence trend. A zoomed picture of the mesh in proximity to the pre-crack tip is shown in figure 1c . It is worth remarking that, in our framework, ω 0 > 0 means that the material is initially damaged. This could be used to specify some existing defect in the body. Nevertheless, in our numerical simulations, we preferred to encode the pre-existing defect, i.e. the pre-existing oblique notch, not by considering a predamaged plain rectangular sample but, rather, by introducing a 'void' region in the reference shape.
In figure 2 , damage plots representing crack propagation during the tensile test for different values of the load parameterū, which increases from figure 3a to figure 3f, u -
Figure 1. Tensile test (a). Shear test (b).
Schematics of boundary conditions used in the numerical simulations (a and b) with a zoomed detail of the mesh near the pre-crack tip (c). A pre-notched rectangular specimen having width L and height l is considered as the reference domain for the numerical examples. The width of the rectangular pre-notch is 0.3 mm, its length is 10 mm and it is inclined at an angle α = 45
• . the width of the propagating crack is comparable to the characteristic internal length introduced by the dependency of the elastically stored energy upon the strain gradient. We observed that, of course, as the Poisson effect is more relevant, the crack path deviates more from being a straight line. When the crack approaches the upper boundary, it deviates further and, finally, when the crack touches the upper boundary, its width increases. Thus, the path followed by the crack is influenced by many factors, such as the angle α spanned by the notch and the horizontal line, the distance between the tip of the notch and the upper boundary and Poisson's ratio. We observe that the crack in figure 2 is sharp and not smeared, meaning that the boundary layer in between the core of the crack, where ω = 1, and the undamaged zone, where ω = 0, has a width which is relatively small compared with the width of the whole crack. In figure 3a , the elastically stored energy fraction,
versus the prescribed displacementū (orange) is shown for the tensile test along with the dissipated energy fraction,
versus the prescribed displacementū (blue). As is desirable in a fracture model, as the crack propagates, the elastically stored energy fraction decreases, while the dissipated energy fraction increases. This process is difficult to see up to a prescribed displacement, which is approximatelȳ u 12.5 µm. We explicitly remark that a decrease in the elastically stored energy fraction ξ does not necessarily also imply a decrease in the elastically stored energy BÛ strain , which, asū increases, can still increase; this is indeed the case up toū 12.5 µm. After that point, as u increases, the elastically stored energy fraction rapidly decreases with a smoothly increasing rate, reaching at the point of complete rupture of the specimen a value which is, de facto, 0. In figure 3b , the averaged Lagrange multiplier employed to weakly enforce the uniform horizontal displacementū to the right side of the specimen is plotted versus the prescribed displacementū for the tensile test. It is worth noting that some of the points of the specimen which are not touched by the crack are subject to elastic unloading. Indeed, inside the crack the strain G 11 is much greater than the prescribed global strainū/L and, in order to fulfil the global strain condition, some of the non-cracked regions of the specimen must shrink. As we are dealing with brittle fracture and the displacement prescribed on the right side of the specimen is relatively much smaller than the width of the specimen, asū increases, in figure 3b, we observe a (quasi-)linear (quasi-) elastic phase followed by a dramatic (from 9.6 × 10 7 N m −1 to 0 N m −1 ) sudden loss of the load-bearing capability of the specimen. In figure 4 , contour plots of the relevant stress S 11 for different values of the load parameterū, which increases from figure 4a to figure 4f, are shown for the tensile test. It is remarkable to see that regions which are already cracked are stress-free and that, as the crack propagates, the stress field is maximum at the crack tip and shows the classical 'butterfly' distribution. We make explicit that the values ofū for which the damage field is plotted in figure 2 are the same as for the stress field S 11 plotted in figure 4 . A discussion analogous to that made for the tensile test can be done for the shear test. In figure 5 , damage plots representing crack propagation during the shear test for different values of the load parameterū, which is increasing from figure 6a to figure 6f, are shown. In figure 6a , the elastically stored energy fraction ξ versus the prescribed displacementū (orange) is shown for the shear test along with the dissipated energy fraction ϕ versus the prescribed displacementū (blue). In figure 6b , the averaged Lagrange multiplier employed to weakly enforce the uniform vertical displacementū to the right side of the specimen is plotted versus the prescribed displacementū for the shear test. In figures 7, 8 and 9, contour plots of S 11 , S 22 and S 12 , respectively, are shown for the shear test and for different values of the load parameterū, which is increasing from (a) to (f ). We make explicit that, also in this case, the values ofū for which the damage field is plotted in figure 5 are the same as those for which the stress fields S 11 , S 22 and S 12 are plotted, respectively, in figures 7, 8 and 9. Stress concentration and, consequently, fracture initiation are more likely to occur at the singularity points of the domain. The singularity points of the pre-crack tip were indeed thought to be ad hoc fracture initiation points, meaning that tension stress in those points was expected to be much higher than stress in other (singularity) points. particularly interesting to note that, in the shear test, a fracture originates also from a different singularity point, i.e. the upper-right corner. Initially, a crack propagates from the pre-crack tip and, starting from a certainū, due to the compression stress concentration at the upper-right corner induced by its advancement, a second crack of the same width departs tangentially to the right side from that corner. Thus, starting from a certainū, two different cracks propagate in opposite directions and, eventually, their ends meet each other. At this point, the specimen is deemed to have reached complete failure and is no longer able to carry any load. Of course, the paths followed by the two cracks are not independent of each other. Clearly, the shear test is inherently more complex than the tensile test and the interplay between these two cracks is reflected also in the plots in figure 6 . The sharp decrease in the elastically stored energy fraction, rate of decrease of the elastically stored energy fraction is observed forū 100.5 µm, which is due to the synergistic effect of the two propagating cracks.
Conclusion and outlook
In this paper, we have exploited a formulation based on a variational inequality to address the study of quasi-static brittle fracture propagation in a two-dimensional isotropic continuum. The elastic strain energy density of the body has been assumed to be geometrically nonlinear and to depend on the strain gradient. A brief account of the existing literature has been given in the Introduction. The use of strain-gradient modelling has been subsequently motivated. This is both on a physical ground, as it is well established that microstructured materials such as materials with defects at the crystalline scale, microcracked material and, generally, materials with a microstructure induced by degradation phenomena, can be described by strain-gradient modelling, and by arguing that the non-locality conferred by their internal length scale avoids the concentration of deformations, which is usually observed when dealing with local models and which leads to mesh dependency. Standard Lamé and second-gradient elastic coefficients have all been assumed to decrease as damage increases and to be locally zero if the value attained by the damage is one. Crack closure or, for example, tension/compression damage criteria have not been taken into account. KKT conditions governing the damage evolution and the classical (generalized) balance equation deriving from the variational inequality have been recalled. Numerical issues related to the model have been discussed, as well as the solution algorithm. Numerical solutions of the model have been subsequently provided and commented on in the case of an obliquely notched rectangular specimen subjected to monotonous tensile and shear loading tests and fracture. The outcome of our investigation is that the energy method employed here for the study of quasi-static propagation of brittle fracture in the setting of straingradient modelling, with the damage field being just a local variable, is able to handle crack propagation in an effective and efficient way and deserves to be further studied. The prospects of this paper are the following. The approach presented in this paper, based on the quasi-static evolution assumption, should be extended to the dynamic case, as has been done for phase-field models in [87] [88] [89] [90] [91] . This would allow for the study of limiting speed, crack-branching and velocity-toughening mechanisms in crack propagation. Without facing any additional conceptual challenge, it would be of interest to consider the three-dimensional case, because more complex geometric effects and loadings could be taken into account. Further improvements include accounting for anisotropy [92] , the introduction of tension/compression damage criteria based on strain invariants, the study of, for example, concrete or cementitious materials [79, 93] , and the inclusion of plastic effects [94] in order to study ductile fracture.
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